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Abstract 
We study the stability of some classes of claw-free graphs defined in terms of forbidden 
subgraphs under the closure operation defined in [10]. We characterize all connected graph.,; 
A such that the class of all CA-free graphs (where C denotes the claw) is stable. Using this 
result, we prove that every 2-connected and CHPs-free, CHZs-free or CHNt.l.4-free graph is 
either hamiltonian or belongs to some classes of exceptional graphs (all of them having,, 
connectivity 2). (~) 1999 Elsevier Science B.V. All rights reserved 
1. Introduction 
In this paper we follow up with the considerations that originated in the papers [2] 
and [5]. All graphs considered here will be finite undirected graphs G = (V (G) ,E (G) )  
without loops and multiple edges. For terminology and notation not defined here 
we refer to [1]. We recall here briefly some basic concepts and notations 
from [5]. 
If A C V(G), then the induced subgraph on A in G will be denoted by (AI~; (or 
simply by (A)). By a clique we mean a (not necessarily maximal) complete subgraph of' 
G. We denote by Pk (k ~> 2) the path on k vertices, i.e. of  length k -  1. For A, B C V(G), 
a path in G having one endvertex in A and the other in B will be referred to as an 
A,B-path. The circumference of G (i.e. the length of a longest cycle in G) is denoted 
by c(G) and the clique number of G (i.e. the size of  a largest clique in G) is denoted 
by uJ(G). 
If HI . . . . .  Hk (k~>l) are graphs, then a graph G is said to be Hi . . . . .  Hk-free if G 
contains no copy of any of  the graphs H1,. . . ,Hk as an induced subgraph; the graphs 
H1 . . . . .  Hk will be also referred to in this context as forbidden subgraphs. Specifically, 
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PII: S0012-365X(98)00229-5 
144 J. Brousek et al./Discrete Mathematics 197/198 (1999) 143 155 
The claw C Z 1 Z 2 2 3 
A, 5,. x 
The net N The eiffel E The hourglass H 
Fig. 1. 
the four-vertex star K1,3 is also denoted by C and called the claw and in this case G 
is said to be claw-free. Whenever vertices of an induced claw are listed, its center, 
(i.e. its only vertex of degree 3) is always the first vertex of the list. Further graphs 
that will be often considered as forbidden subgraphs are shown in Fig. 1. 
A vertex  ~ V(G) is said to be locally connected (eligible, simplicial, locally discon- 
nected) if the subgraph (Na(x)} is connected (connected noncomplete, complete, dis- 
connected). The set of all locally connected (eligible, simplicial, locally disconnected) 
vertices of G is denoted by VLc(G)(VEL(G), VsI(G), VLD(G)), respectively. Thus, the 
sets VEL(G), VsI(G), VLD(G) are pairwise disjoint, VEL(G)u VsI(G)= VEt(G) and 
VLc(a) U VLD(G)= V(G). 
For any x E VEL(G), denote Bx = {uv [ u, v C NG(x), uv ~ E(G)} and let G'~ be the 
graph with vertex set V(G~)= V(G) and with edge set E(G'~)=E(G)UBx (i.e., G~ is 
obtained from G by adding to (NG(x)) a all missing edges). The graph G~x is called 
the local completion of G at x. It was proved in [10] that for any claw-free graph G 
and for any eligible vertex xc  VEL(G), the graph G~ is claw-free and c(G~)=c(G). 
The following concept was introduced in [10]. 
Let G be a claw-free graph. We say that a graph H is a closure of G, denoted 
H = el(G), if 
(i) there is a sequence of graphs G1 .... , Gt and vertices Xl . . . . .  xt i such that G1 = G, 
G I G,=H, xiC VEL(Gi) and Gi+l =(  i)x,, i=1  .. . . .  t -  1, 
(ii) VEL(H) = O. 
(Equivalently, cl(G) is obtained from G by recursively repeating the operation of 
local completion, as long as this is possible.) The following result summarizes basic 
properties of the closure operation. 
Theorem A (Ryj~ek [10]). Let G be a claw-free 9raph. Then 
(i) the closure cl(G) is well-defined, 
(ii) there is a triangle-free 9raph H such that cl(G) is the line graph of H, 
(iii) c(G)=c(cl(G)). 
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(Specifically, part (i) of  Theorem A implies that cl(G) does not depend on the order 
of eligible vertices used during the construction of cl(G)). 
We say that a claw-free graph G is closed if G = cl(G). Thus, G is closed if and 
only if Vv:L(G)--(~. 
Let ~ be a subclass of the class of claw-free graphs. Following [2], we say that the 
class %'5 is stable under the closure (or simply stable) if cl(G) c g for every G C ~,',. It 
is easy to see that the class of k-connected claw-free graphs is an example of a stable.' 
class for any k >~ 1. By Theorem A, both the class of Hamiltonian claw-free graph,'; 
and the class of 2-connected non-hamiltonian claw-free graphs are stable. 
In this paper we continue with the study of stability of classes of graphs defined 
in terms of forbidden subgraphs originated in [5]. In Section 2 we characterize all 
connected graphs A such that the class of CA-free graphs is stable. Using this result, 
in Section 3 we extend several previous results on hamiltonicity in classes of graph:; 
defined in terms of forbidden subgraphs. 
2. Forbidden pairs and stability 
In the main result of  this section, Theorem 4, we characterize all connected graph:; 
A such that the class of CA-free graphs is stable. We first recall several known result,'; 
and prove some auxiliary statements. We denote by: 
• Z, (i ~> 1 ) the graph which is obtained by identifying a vertex of a triangle with an 
endvertex of a path of length i, 
• N,,/.a (i, j,k >~ 1 ) the generalized (i,j,k)-net, i.e. the graph which is obtained by iden- 
tifying each vertex of a triangle with an endvertex of one of three: 
vertex-disjoint paths of lengths i,j, k 
(see also Fig. 2). Thus, Nl,l, i--~N and N1,1.2 _~E. We will always keep the labelling 
of the vertices of the graphs Z, and N,,/,a, as shown in Fig. 2. 
The following results were proved in [5]. 
Theorem B (Brousek et al. [5]). 
(i) Let G be a CP,--fi'ee graph (i~>3) and let xE VeL(G). Then the graph G', i:; 
CPi-free. 
(ii) Let G be a CN,./.a.-/kee graph (i, j ,k >~l) and let xC VeL(G). Then the graph G{ 
is CN,. ~.k-free. 
e 'b3  e - - - - -  ~ ~ _ _ _ • . . . -e  
F ig .  2. 
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Fig. 3. 
Corollary C (Brousek et al. [5]). 
(i) The class of CPi-free graphs is a stable class for any i>>.3. 
(ii) The class of CNi4,k-free graphs is a stable class for any i,j,k >>. l  
It was also shown in [5] that the analogue of Theorem B fails in the class of CZ/-free 
graphs, but the analogue of Corollary C still remains true in this class. 
Theorem D (Brousek et al. [5]). The class of CZi-free graphs is a stable class for any 
i>~ l. 
The graph in Fig. 3 is an example of a CH-free graph such that G~ is not CH- 
free. Thus, the analogue of Theorem B fails also in the class of CH-free graphs. The 
following theorem shows that we can still prove the analogue of Corollary C in this 
case. 
Theorem 1. The class of CH-free graphs is a stable class. 
ProoL  I f  F is an induced subgraph of G, then we say that F is a permanent (or tem- 
porary) induced subgraph of G if (V(F))d(c) -- F (or (V(F))cl(C) ~ F),  respectively. 
Let G be a CH-ffee graph and let G1 . . . . .  Gt be the sequence of graphs that yields 
cl(G) (i.e. G=GI, c l (G)= Gt, xjE VEL(Gj) and Gj+l = (Gj)/x:, j=  1 . . . . .  t -  1). Sup- 
pose that cl(G) is not H-f lee and let j0 >~ 1 be the smallest integer such that Gjo+l 
contains a permanent induced H.  Without loss of generality we can set Gjo = G, i.e., 
we suppose that (V(F)) G, -- (V(F))cI(~) _~H for some x E VEL(G) and F C G~, and that 
every induced H in G is temporary. Since (V(F)) c ~H (otherwise F is a permanent 
H in G), we have BF=E(F)ABx:/:fL 
Denote by z the center (i.e., the only vertex of degree four) o fF  and by ala2, bib2 
the two edges in N~(z)A E(F). I f  both xai E E(G) and xb/E E(G) for some i,j E {1,2}, 
then we have ait~/E E(Gxt), contradicting the assumption that (V(F))G~ ~--H. Hence we 
can suppose without loss of generality that B F C {bl b2, blz, b:}.  
I f  both zbl EE(G)  and zb2 EE(G) ,  then bib2 EBx, implying ({z, bl,b2,al})G ~- C 
- -  a contradiction. Hence, we can assume that zb2EBx. Since (V(F))c ~ ~_H, we 
have x ~ {z, al, a2, b2}. Choose a shortest z, b2-path in (N~(x))c, (it always exists since 
xE VzL(G)) and let c be its first vertex distinct from z (it exists since zb2 ~E(G)). 
Consider Fi = ({z, al,a2,x,c})c. Since F1 cannot be a permanent hourglass, we have 
{alx, a2x, alc, a2c} N E(cl(G))  ¢ ~. But then, since zb2 E E(G~), z becomes eligible in 
some G~ ( l~<j < t -  1), implying that (V(F)/d(c) is a clique. This contradiction 
proves Theorem 1. [] 
J. Brousek et al. / Discrete Mathematics 197/198 (1999) 143-155 147 
it is easy to observe that if G is CT-free (here T denotes the triangle), then G 
consists only of  paths and cycles. Hence VEL(G)=~, implying that c l (G) - -G  is 
CT-free. The class of CT-free graphs is thus also trivially stable. Furthermore, the 
class of  CA-flee graphs is also trivially stable if A contains an induced claw (since 
then C-flee implies A-free) or if A is not closed (since then every closed graph is A- 
free). Hence, we can without loss of generality, restrict our observations to connected 
closed claw-flee graphs A. 
In the main result of  this section, Theorem 4, we show that there are no other 
connected closed claw-free graphs A such that the CA-free class is stable except T and 
the graphs mentioned in Corollary C, Theorem D and Theorem 1. To prove this, we 
will need first some lemmas. 
If G is a closed claw-flee graph and K C G is a maximal clique, then the vertices 
in V(K)A  VLD(G) will be called the vertices o f  attachment of K. 
Lemma 2. Let A be a closed connected claw-free graph such that the class oJ CA-/?ee 
graphs is stable. Then co(A) <~ 4. 
Proof. Let q = o~(A) and suppose, to the contrary, that q ~> 5. We define a graph G by 
the following construction. 
Let K I . . . . .  K ~' (s~> 1) be the collection of  all maximum cliques of  A (i.e., K j _~Kq, 
i=  1 . . . . .  s). Since G is closed, these cliques are pairwise edge-disjoint. For every 
i, 1 <.i<.s, denote by vl .... ,vpi the vertices of attachment of K ~, choose an integer 
r, such that r~ >~ Pi and Pi + 3rz >~ q, and replace the K i in A by a copy of the graph 
Lr,,.,. ~ of Fig. 4 in such a way that the vertices vl . . . . .  Vp~ of the copy of the Lt, s,,~  are 
identified with the vertices of attachment of  the (removed) clique K ~. Then clearly G 
is claw-free, co(G)<<.q - 1 and hence G is A-free; since every inserted copy of Lf,,.,.~ 
closes up to a clique on Pi 4- 3rs >>-q vertices, it is straightforward to check that cl(G) 
contains an induced subgraph isomorphic to A. [] 
Lemma 3. Let A be a closed connected claw-free graph such that the class o f  CA-free 
graphs is stable. Then ~o(A) <~ 3. 
ProoL By Lemma 2, (~)(A)~<4. Suppose, to the contrary, that A contains an induced 
K4. We distinguish two cases. 
Case 1: A contains an induced 1£4 with p<~3 vertices o f  attachment. Construct G 
by taking a copy of A and replacing each K4 with one vertex of  attachment by the 
graph L I of  Fig. 5 (where the vertex v is identified with the vertex of  attachment of 
the/£4), each K4 with two vertices of  attachment by a copy of the graph L2 of Fig. 5 
and each /£4 with three vertices of  attachment by a copy of the graph L3 of  Fig. 5 
(where the replacement is again done in such a way that the vertices vl,v2 of the 
L2 or vl, v2, v3 of  the L3 are identified with the vertices of  attachment of the deleted 
/£4). Then G is obviously claw-free and no closed induced subgraph of G contains 
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a K4 with at most three vertices of attachment. Hence G is CA-flee. However, it is 
straightforward to check that cl(G) contains an induced A. 
Case 2: Every induced K4 in A has four vertices of attachment. In this case we 
replace each K4 in a copy of A by a copy of the graph L4 of Fig. 5 (identifying again 
vl,v2, v3,v4 with the vertices of attachment of the K4). The constructed graph G is 
again claw-flee and, although the number of K4's is not reduced this time, it is easy 
to see that no induced subgraph of G containing a K4 with four vertices of attachment 
is closed. Hence, G is CA-free. Since cl(G) contains an induced A, we have again a 
contradiction. [] 
Now we are ready to prove the main result of this section. 
Theorem 4. Let A be a closed connected claw-free 9raph. Then the class of CA-free 
9raphs is stable if and only if 
A E {H, T} U {P,. I i~>3} U {Z, li>~ 1} U {N~,j,k l i, j,k>~ 1}. 
Proof. (i) The ' i f '  part of the proof follows immediately from Corollary C, Theorem D, 
Theorem 1 and from the remarks before Lemma 2. 
(ii) Suppose that the class of CA-free graphs is stable. By Lemma 3, ~o(A)~<3. If  
A is T-free, then A is either a path and we are done, or A is a cycle and then it is 
apparent hat the CA-free class is not stable (since the graph G obtained from A by 
replacing one edge by the graph Le of Fig. 5 is CA-free while cl(G) is not). Hence 
we can suppose that A contains a triangle. 
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I f  A contains a triangle with two vertices of attachment, hen, replacing in a cop2¢ 
of A every such triangle by a copy of the graph L2 of Fig. 5 we obtain a CA-free 
graph G such that cl(G) is not CA-free; thus A has no triangle with two vertices of 
attachment. 
If A contains a triangle with no vertex of attachment, hen, since A is connected. 
A-~ T and we are done. Hence we can suppose that every triangle in A has one or 
three vertices of attachment. 
We now show that if A contains a triangle with three vertices of attachment, hen 
A contains no other triangle. Suppose, to the contrary, that A contains at least two 
triangles, at least one of them having three vertices of attachment. For any such graph 
G, denote by dr(G)  the minimum distance between two triangles in G such that al 
least one of them has three vertices of attachment. Construct a graph G by taking a 
copy of A and by replacing its every triangle T = {{a,b,c})4 with three vertices of 
attachment by a copy of the graph L of Fig. 6. 
Let TI = {{a, b,c}),4 and T2 be a pair of triangles in A at minimum distance d dr{A } 
(Ti having three vertices of attachment). Then the only triangles in the copy of L 
that can occur in a closed induced subgraph of G as triangles with three vertices of 
attachment are the triangles {{x,z, al})o, {{x,z, a2})c;, {{x,y,b,})G, {{x,y, h2}}(;. 
({y,z, ct})~, and ({y,z, c2})c. Since the distance of each of them from T2 is at leasl 
d + 1 (and the pair TI, ~ is arbitrary), we have dT(G)>~dT(A), implying that the. 
graph G is A-free. It is apparent hat G is also C-free, and it is straightforward to 
check that its closure cl(G) contains an induced A. This contradiction shows that il 
remains to 
Case 1 : 
triangle. 
Case 2: 
In Case 
vertices of 
consider the following two cases. 
A contains one triangle with three vertices of attachment and no other 
Every triangle in A has exactly one vertex of  attachment. 
1, either A~--Ni, j,k for some i, j,k>~l (and we are done), or some two 
attachment of  the triangle are connected by a path, but then, replacing one 
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edge of the path by the graph L2 of Fig. 5, we get a contradiction with the stability. In 
Case 2, by the claw-freeness, A contains at most two triangles. If A has one triangle, 
A ~ Zi for some i >/1, and if A has two triangles with a common vertex, then A "~ H. 
It remains to consider the case when A contains two triangles at a certain nonzero 
distance (i.e., connected by a path), but then, replacing an arbitrary edge of the path 
by the graph L2 of Fig. 5, we get a CA-free graph G such that cl(G) contains an 
induced A. This contradiction completes the proof of Theorem 4. [] 
3. Hamiltonian results 
Denote by ~-i . . . . .  ~-6 the classes of graphs shown in Fig. 7 (where the elliptical 
parts represent cliques of size at least three). 
Following [4], further denote by ~ the class of all graphs that are obtained by taking 
two vertex-disjoint triangles ({al,a2,a3)), ({bl,b2, b3)) and by joining every pair of 
vertices {ai, bz} by a copy of a path Pki =aic]c2i "'" cki'-2bi for kz~>3 or by a triangle 
({ai,bi,ci)). We denote a graph from ~ by Px,,x2,x3, where xi =ki if az, bi are joined 
by a copy of Pk,, and xi= T, if ai, bi are joined by a triangle (see Fig. 8). 
The following results, extending the results of [3,6-9] were proved in [5]. 
Theorem E (Brousek et al. [5]). Let G be a 2-connected 9raph. 
(i) I f  G is CPT-free, then either G is Hamiltonian or cl(G)E ~1. 
(ii) I f  G is CZ4-free, then either G is Hamilton&n, or G E {P3,T,T,P3,3,T,P3,3,3,P4,T,T}, 
or cl(G) E ~-2. 
"AN 
J 
A 
J 
Fig. 7. 
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(iii) I f  G is CNh2,2NI,h3-free, then either G is" Hamiltonian, or G~-P3.3.3, or c l (G)c 
.£~ u J4 u ,~.  
(iv) I f  G is CE-free, then either G is Hamiltonian or G E Y6. 
Corollary F (Brousek et al. [5]). 
(i) EyeD, 3-connected CPT-free graph is Hamihonian. 
(ii) EyeD, 3-connected CZ4-free graph is Hamihonian. 
(iii) Every 3-connected CNh2,2Nl,l,3-fi'ee graph is Humihonian. 
(iv) Eve O, 3-connected CE-free graph is Hamihonian. 
Theorem 4 gives a motivation to consider similar questions in the class of CH-free 
graphs, too. However, it is easy to observe that e.g. the graph obtained by replacing 
every vertex of an arbitrary cubic 2-connected non-hamiltonian graph G by a triangle 
(also called the inflation of G) is a closed 2-connected non-hamiltonian CH-free graph 
and hence similar results to Theorem E cannot be expected in this class• Nevertheless, 
we show that meaningful results can be obtained in classes of graphs defined in terms 
of triples of forbidden subgraphs, one of them being the hourglass. 
We prove the following theorems, in which we denote by ,~-7, ,~  and .~-~, the 
classes of graphs shown in Fig. 9. 
Theorem 5. Let G be a 2-connected CHPs-free graph. Then either G is Hamiltonian 
or cl(G) C YT. 
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Theorem 6. Let G be a 2-connected CHZs-free graph. Then either G is Hamilton/an 
or G~P4,3,3 or cl(G) E ~7. 
Theorem 7. Let G be a 2-connected CHNl,l,4-free graph. Then either G is 
Hamilton/an or cl(G) E Ys U/79. 
Since every graph in the classes Y7, ~-~, .~-9 is of connectivity 2, we obtain the 
following corollary. 
Corollary 8. (i) Every 3-connected CHP8-free graph is Hamilton/an. 
(ii) Ever), 3-connected CHZs-free graph is Hamilton/an. 
(i/i) Every 3-connected CHNh 1,4-Jree graph is Hamilton/an. 
Before proving Theorems 5-7, we first introduce some additional notation. The fol- 
lowing theorem was proved in [4]. 
Theorem G (Brousek [4]). Ever), non-Hamilton/an 2-connected claw-free graph con- 
tains an induced subyraph F E ,~. 
Let G be a closed 2-connected non-hamilton/an claw-free graph and let (by Theorem 
G) F = Px~,x:,x3 E ~ be an induced subgraph of G. Recall that we keep the notation of 
vertices ai, bi, c/ as in Fig. 8. We denote by 
• Ku the largest clique in G containing the triangle ({al,a2,as})c, 
• Kh the largest clique in G containing the triangle ({bl,b2,bs})6, 
• for every i E {1,2,3} for which xi = T, by Ki the largest clique in G containing the 
triangle ({ai, ci, bi})6, 
• for every iE{1,2,3} for which x~¢T, by Kz the path aie]c2...c~-2b~ and by 
K~ ( j  = 1 .. . . .  ki - 1) the largest clique in G containing the jth edge of the path Ki, 
• for every i E {1,2,3}, K* =Ki ifx~ = T, and K* = (Uk~q tV(K/))~, ifx~ ¢ T, 
• F* = (V(K , )  U V(K/,) U (U31V(K,*)))G. 
Note that since G is closed, all these sets are well-defined. 
The following lemma summarizes basic properties of F*. 
Lemma H (Brousek et al. [5]). Let G be a closed 2-connected non-hamilton/an claw- 
free graph and let F E ~ be an induced subgraph of G. Then the graph F* has the 
following properties. 
(i) ]V(A1)NV(A2)I<~I for ever), A~,A2~{K,,K~,}U{K, Ix ,=T)  U{K/ Ix iCT,  
1 <~j<~xi- 1},AI ¢A2, 
(ii) if xi = T for some i E {1,2, 3}, then V(K~) rl V(A) = • for ever), A E {Kj IX~ = T} U 
{K) Ix i~ T}U{K)~ j ' Ix/~ T},Ag=K,, 
(i/i) /f x iCT  for some iE{1,2,3}, then V(Kil)NV(K))=~) and V(Ki ~' l)N 
V(K~'-i ) = ~ for every j E { 1,2, 3} such that j ¢ i and X~ ¢ T, 
(iv) /f xi = T Jbr at least one i E { 1,2, 3 }, then V(K,) N V(K~) = ~, 
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(v) a;,bi, c~ E VLD(G) Jbr 1 <~l <~ki -- 2 and i= 1,2,3, 
(vi) N(;(a;)C V(K,)U V(K;*), Nc(b ; )c  V(K;,)U V(K,*), N(.(c~)= V(K/)U V(K/ ~) 
for l <~l~ki -  2 and i= l,2,3. 
If G is, moreover, H-free, then we can obtain more information about the structure of 
the graph F*. 
Lemma 9. Let G be a closed 2-connected non-hamiltonian CH-lt'ee ~lraph and let 
F E ~ be an induced subgraph of G. Then the 9raph F* has the followiml properties. 
(i) a, bi ~E(G) for i= 1,2,3, 
(ii) IV(K/ ) i=2Jbr  eve;'), iE{1,2 ,3}  and jc{1 ,k  1}, 
(iii) V(K,,)N V(K~,)----O. 
Proof. Properties (i), (ii) follow immediately from the fact that G is H-frec. If V(K,; )~ 
V(K/~ ) ¢ (0, then, for any x C V(K,, ) (~ V(K/, ), { {x, a~, a2, b~, b2 } }(, ~- H (by (i) and since 
F is an induced subgraph). Hence V(K,)A V(K;~)---O. 
Proof of Theorem 5. By Theorem A and Corollary C(i), it is sufficient o prove that if 
G is a closed 2-connected CHPs-free graph, then G E ~7. Let G be closed, 2-connected 
and non-hamiltonian. By Theorem G, G contains an induced subgraph F E~.  It is 
straightforward to check that the only CHPs-free graph in the class P is the graph 
P~.3.3; hence F~P3,3, 3. By Lemma 9(ii), K* ~P3, i=  1,2,3. By the claw-freeness and 
since aibi C E(G), No(c i ) -{a i ,  b;}, i -1 ,2 ,3 .  By Lemma H(vi), the only vertices of 
F* that can have a neighbor in V(G)\V(F*)  are those in (V(K,,)UV(K;,))'\ 
{al,a3,a3,bL,b2,b3}. 
Suppose that V(G)¢V(F* )  and choose a vertex u~V(G) \V(F* )  having a 
neighbor ~E V(F*). By symmetry, we can suppose that v E V(Ka)\{al,a2,a3 }. Since 
G is closed, vc  VED(G). I f  U is adjacent to another vertex dE V(G)\V(F*) ,  then 
dv~E(G)  (otherwise, since G is closed, ({v,d,u, a l ,a2})~H) .  But then {{d.u,t:, 
at,cl,b~,b2,c2}}~; ~P~ - a contradiction. Hence u has no neighbors outside F*. Since 
G is closed and u~ V(K,),u has no neighbors in V(K,). Since G is closed and 2- 
connected, there is a vertex w E V(K;,)\{bl,b2,b3} such that N(,(u)= {v, w}. Note that, 
since G is H-free, vw ~E(G). 
Now, since u was arbitrary, repeating this argument we obtain vertices uj . . . . .  u~, 
cl . . . . .  c'k and wl . . . . .  w~. such that vie V(K,)\{al,a2,a3}, wi~ V(K/,)\{bl,h3,h3}, 
uiC V(G)\V(F*) ,  N(;(ui)={~:j,w)} and ~!/wiCE(G ), j - -1  ..... k, and such that 
V (G)= V(F*)U {uL ... . .  u~.}. By the claw-freeness and by the above considerations, 
all these vertices are distinct. Now it is straightforward to check that k is odd and that 
E( G) = E(F* ) U {Ui~!/, U/Wi ]J = 1 ..... k } (otherwise G is hamiltonian). This implies 
that GE J-~. [] 
Proof of Theorem 6. By Theorems A and D, we can again suppose that G is a closed 
2-connected non-hamiltonian CHZs-free graph. We show that then either G ~ P4",3 or 
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G E J~7. By Theorem G, the graph G contains an induced subgraph F E ~,  and since 
G is CHZs-ffee, it follows that F-~P3,3,3 or F~_P4,3,3. We now consider these two 
cases separately. 
Case 1: F ~P4,3,3. First observe that [V(K,)I = [ V(Kb)[ = 3, since if e.g. d E V(K,)\ 
{a,,a2,a3}, then {{al,d, a2,cl,c~,b,,b3,c3})6 ~-Zs. Secondly, since G is H-free and, by 
Lemma 9(ii), we have [V(K~ )[ = [V(K 3)[ = [V(K~ )[ = [V(K~)[ = [V(K] )1 = [ V(K~)[ =2,  
implying No(ci)={a~,bi} for i=2 ,3 .  I f  [V(K~)[~>3, then, for a vertex dE V(K~)\ 
{cl,c~}, we have ({c~,d, cl,bl,b2,ce,a2, a3})c~_Zs. Hence also [V(Kz2)[ =2,  imply- 
ing that Nc(cl ) = {al, c~ } and NG (c~) = {cl, b, }. But then no vertex of F can have a 
neighbor outside F and, since G is connected, G~-F~-P4.3,3. 
Case 2: F~-P3,3,3. Similarly as above, IV(K[)[ =2 for i=  1,2,3, j=  1,2, and hence 
NG(Ci)= {ai, bi}, i= 1,2,3. 
Let u E V(G)\V(F*) be a vertex having a neighbor v in V(F*). By symmetry and 
by Lemma H(vi), we can suppose that v E V(K~)\{al, a2, a3}. I f  u has another neighbor 
dE V(G)\V(F*), then, since (by the H-freeness) vdq~E(G), ({b~,bz, b3,c~,a~,v,u,d})G 
Zs. Hence u has no neighbors outside F*.  It is apparent hat u has no other neigh- 
bors in K, except v, and thus, since G is closed and 2-connected, there is a vertex 
wE V(Kb)\{bl,b2,b3} such that NG(u)={v,w}. Since G is H-free, vw~E(G). But 
then we are in the same situation as in final part of the proof of Theorem 5 and, using 
the same arguments, we obtain G E ~7. 
Proof of Theorem 7. Let G be a closed (cf. Theorem A and Corollary C(ii)) 
2-connected non-hamiltonian CHNI, 1,4-free graph. We show that G E ~-8 U ~9. 
By Theorem G, the graph G contains an induced subgraph F E ~,  and since G 
is CHNl, l,4-free, we have F___P3,3. 3 or F~P4,3.3. We again consider these cases 
separately. 
Case 1: F ~P3,3.3. Similarly to the previous proofs, IV(K/)I--2 for i=  1,2,3, j=  1, 
2, and thus NG(Ci)={ai, bi}, i= 1,2,3. By Lemma H(vi), the only vertices having 
neighbors outside F* can be those in (V(Ka)U V(Kh))\{at,ae,a3,bl,b2,b3}. I f  e.g. 
v c V(K,)\{al,a2,a3} has a neighbor u c V(G)\V(F*), then ({bl,b2, b3,c2,c3,cl,al, v
b/})  G ~'~ N1,1 ,4  - -  a contradiction. Thus, by symmetry, V(G) = V(F*). Since G is closed 
and non-hamiltonian, we have also E(G)=E(F*) and hence G E Yg. 
Case 2: F~P4.3, 3. First observe that, like in Case 1, [V(Kjl)I=[V(K~)I=2 and 
IV(KJ)I=2 for i=2 ,3 ,  j= l ,2 ,  implying that NG(Ci)={ai, bi}, i=2 ,3 .  We show 
that IV(ga)l=lV(gh)l=3. Let, to the contrary, dE V(K,)\{al,ae,a3}. Then, by 
Lemma 9(iii), d q~ V(Kb) and thus ({bl, 2 1 b2, b3,cz, c3,cl,cl,al,d})G ~--Nl,l,4. Hence 
]V(K,)] = ]V(Kb)[ = 3, implying that the only vertices of F* that can have neighbors 
outside F* are those in K 2. 
Let uEV(G)\V(F*) be adjacent to vCV(K21). By Lemma H(vi), vEV(K2)\ 
{cl,c~}. Since G is closed, u has no other neighbors (except v) in K~. Since G is 
2-connected, there is a path P in G starting at u and ending at a vertex w c V(K2)\ 
{v,c~l,c~} with all interior vertices outside F*. Let z be the first vertex of P different 
from u. Since G is H-free, we have zv ~ (G), but then ({bl,b2,b3,c2, c3,c2,v,u,z})G 
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NI, 1,4- This contradict ion shows that no vertex in F*  can have a ne ighbor  outside F* ,  
i.e., V (G)= V(F*). It is stra ightforward to check that also E(F* )=E(G)  (otherwisc 
G is hami l ton ian) ,  which impl ies that G ~--Y9. [] 
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